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We extend the recent result of bipartite Bell singlet [Carr and Saffman, Phys. Rev. Lett. 111,
(2013)] to a stationary three-dimensional entanglement between two-individual neutral Rydberg
atoms. This proposal makes full use of the coherent dynamics provided by Rydberg mediated
interaction and the dissipative factor originating from the spontaneous emission of Rydberg state.
The numerical simulation of the master equation reveals that both the target state negativity N (ρˆ∞)
and fidelity F(ρˆ∞) can exceed 99.90%. Furthermore, a steady three-atom singlet state |S3〉 is also
achievable based on the same mechanism.
PACS numbers: 03.67.Bg, 32.80.Qk, 32.80.Ee
I. INTRODUCTION
Dissipation has long been regarded as one major ob-
stacle to developing any quantum technology in experi-
ment. Indeed, the quantum information, stored in cer-
tain quantum system, will be lost due to the inevitable
interaction between quantum system and its surround-
ings. This fact has degraded many quantum entangle-
ments and quantum logic operations relying on unitary
dynamics, and impels people to explore efficient tech-
nologies to confront decoherence, such as quantum error
correction [1–3], decoherence-free subspace [4–6], quan-
tum controls [7–9], structured environments [10], classi-
cal environmental driving [11], suitable non-dissipative
channels [12] and so on. Although there are some pro-
posals on the production of noise-assisted entanglement
[13], the entanglement is too small to be utilized. In 2009,
Verstraete et al. proposed a novel scheme for quantum
computation and quantum-state engineering driven by
dissipation [14], where the coupling to the environment
drived the system to a target steady state. This work
has shed new light on quantum information processing
since it illustrates that the dissipation can be utilized as
a resource to prepare entanglement and implement uni-
versal quantum computing. Since then, the dissipation-
based protocols have sprung up in various quantum in-
formation tasks [15–30]. For instance, Kastoryano et al.
prepared a maximally bipartite-entanglement state in a
leaking optical cavity [16]. Dalla Torre et al. realized
the spin squeezing using quantum-bath engineering in a
dissipative atom-cavity system [23]. Leghtas et al. also
prepared and protected a maximally entangled state of
a pair of superconducting qubits in a low-Q cavity [27].
Compared with unitary-based scenarios, the main advan-
tage for adopting dissipation is that a stationary desired
state can be achievable irrespective to the initial one.
Among many physical carriers of qubit, neutral atoms
are good candidates for quantum information process-
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ing because they possess stable hyperfine ground states
fitting for encoding and any pairs of long-range atoms
are coupled to each other via Rydberg mediated inter-
action [31–33]. As this interaction is strong enough to
shift the atomic energy levels of highly excited Rydberg
states, the Rydberg blockade occurs and the population
of bi-excitation state is restrained. Until now, the Ryd-
berg blockade has been successfully applied in quantum
computation [34–38], preparation of entangled state [39–
42], quantum algorithms [43], quantum simulators [44],
and quantum repeaters [45]. In this paper, we extend
the recent work of Carr and Saffman [25] to preparation
of a three-dimensional entanglement of Rydberg atoms.
This kind of entangled state can enhance the violations
of local realism and the security of quantum cryptogra-
phy. The proposal makes full use of the unitary dynam-
ics provided by Rydberg interaction and the dissipative
factor originating from the spontaneous emission of Ry-
dberg state. Our result shows that both the target state
negativityN (ρˆ∞) and fidelity F(ρˆ∞) can exceed 99.90%,
which outperforms the schemes according to unitary dy-
namics [46–49].
The structure of the paper is organized as follows.
We first briefly review the advantage of the multi-
dimensional entangled state over the two-dimensional en-
tanglement in Sec. II. We then derive the dissipative
dynamics to prepare a three-dimensional entanglement
in Sec. III, and quantify the three-dimensional entan-
glement via negativity and fidelity in Sec. IV. Subse-
quently we apply this dissipative mechanism to creation
of a three-atom singlet state in Sec. V. This paper finally
ends with a summary appearing in Sec. VI.
II. MERITS OF MULTI-DIMENSIONAL
ENTANGLEMENT
Before proceeding, we briefly review the advantage of
the multi-dimensional entanglement. An arbitrary N -
dimensional entanglement can be written in the following
2FIG. 1: (Color online) Level diagram of two identical Ryd-
berg atoms. The transition from ground state |gL(0,R)〉 to the
Rydberg state |eL(0,R)〉 is driven by a classical field with Rabi
frequency ΩL(0,R), detuned by −∆. The resonant couplings
between ground states are realized by two microwave fields
with Rabi frequencies ωL0 and ω0R respectively. For conve-
nience, we assume the Rydberg interaction strengths satisfy
ULL = U00 = URR = 2U and U0L = UL0 = U0R = UR0 =
ULR = URL = U . The excited state can spontaneously decay
into three ground states with branching ratio γ/3.
form [50]
|Π〉 =
N∑
l=1
cl|l〉A ⊗ |l〉B, (1)
where the subscripts A and B label two qudits, respec-
tively and |cl|2 is the corresponding probability satisfy-
ing
∑N
l=1 |cl|2 = 1. This state is maximally entangled if
cl = 1/
√
N . It has been proved in both theory and exper-
iment that multi-dimensional entanglement can provide
more security than two-dimensional entanglement offers.
In the field of quantum key distribution for instance,
the maximal admissible error rate is shown to increase
by 53.48% from the two-dimensional entanglement based
protocol EA = 1 − FA = 1 − (1/2 + 1/
√
8) ≃ 14.64%
to the three-dimensional entanglement based protocol
22.47% [51], and this value further increases with the di-
mensionality N [52]. In addition, the multi-dimensional
entanglement |Π〉, acting as a quantum channel for high-
dimensional quantum communication, quantum telepor-
tation and other quantum information protocols, violates
the local realism more strongly compared with the two-
dimensional entanglement [53]. Therefore, the physical
realization of multi-dimensional entanglement is at the
request of quantum information processing [54–57].
III. DISSIPATIVE DYNAMICS
The system for dissipative preparation of the three-
dimensional entanglement is illustrated in Fig. 1. We
consider two Cesium atoms, where the ground levels |gL〉,
|g0〉 and |gR〉 correspond to hyperfine ground atomic lev-
els |F = 3,M = −1〉, |F = 4,M = 0〉 and |F =
3,M = 1〉 of 6S1/2 manifold, and the three Rydberg
states |eL〉 = |F = 3,M = −1〉, |e0〉 = |F = 4,M = 0〉
and |eR〉 = |F = 3,M = 1〉 of 125P1/2. The transition
from the ground states to the highly excited states are
driven by three π polarized lasers with Rabi frequencies
ΩL, Ω0, and ΩR, detuning −∆. The Rydberg mediated
interaction arises from the long-range van der Waals in-
teraction proportional to C6/R
6 with R being the dis-
tance between two Rydberg atoms and C6 depending on
the quantum numbers of Rydberg state [31, 58]. Since
the Rydberg interaction energy depends on angular de-
grees of freedom, the coupling strength will be differ-
ent when |eL〉, |e0〉 and |eR〉 belong to different Zee-
man sublevels [59]. We here assume the Rydberg in-
teraction strengths satisfy ULL = U00 = URR = 2U and
U0L = UL0 = U0R = UR0 = ULR = URL = U , where
Uij means the Rydberg interaction strength when atoms
are in the state |eiej〉. In a rotating frame, the master
equation describing the system’s dynamics reads
dρˆ
dt
= − i
~
[HˆI , ρˆ] +
∑
n=1,2
LˆnρˆLˆ†n −
1
2
(Lˆ†nLˆnρˆ+ ρˆLˆ†nLˆn),
(2)
where HˆI = Hˆ1 ⊗ Iˆ2 + Iˆ1 ⊗ Hˆ2 + Vˆ is the Hamiltonian
of system and Lˆn is the Lindblad operator describing the
decay processes of nth atom by spontaneous emission of
light. For simplicity, the excited states are assumed to
spontaneously decay into three ground states with the
same branching ratio γ/3. To avoid the population of
other ground states via spontaneous emission, we may
introduce 6p1/2 manifold of Cesium atom and apply a
series of π polarized lasers to recycle other ground states
as the method adopted in Ref [25]. Explicitly, the one-
atom operators and the Rydberg interaction operators
expressed in the basis {|gL〉, |g0〉, |gR〉, |eL〉, |e0〉, |eR〉} are
Hˆn =


0 ωL0 0 ΩL 0 0
ω∗L0 0 ω0R 0 Ω0 0
0 ω∗0R 0 0 0 ΩR
Ω∗L 0 0 −∆ 0 0
0 Ω∗0 0 0 −∆ 0
0 0 Ω∗R 0 0 −∆


, (3)
and
Vˆ =
∑
i,j=L,0,R
Uij |ei〉1〈ei| ⊗ |ej〉2〈ej |, (4)
where ωL0(ω0R) is the Rabi frequency of microwave field
that couples ground states resonantly, which plays the
important role in our approach.
The idea of dissipative preparation of three-
dimensional entanglement can be generalized as follows:
In the absence of microwave fields, the ground state |gigj〉
will be firstly driven to the single-excitation subspace
{|eigj〉, |giej〉} with detuning −∆, then further excited
to the bi-excitation |eiej〉 with detuning Uij − 2∆. Dif-
ferent from the usual Rydberg interaction to block all bi-
excitation states, here we set ∆ = U/2. This choice will
result in a resonant coupling between the ground states
and the bi-excitation Rydberg state when both atoms are
initially in different states (i 6= j), but an off-resonant
3interaction detuned by an amount of ∆ as both atoms
are excited to the same state (i = j). Thus combining
with microwave driven fields and spontaneous emission
from the Rydberg levels, the system will be pumped into
a stationary three-dimensional entangled state. In the
regime of large detuning ∆≫ Ω, we can safely disregard
the single-excitation subspaces and the effective Hamilto-
nian is obtained through the second-order perturbation
theory:
Hˆ′I = HˆΩ + Hˆω, (5)
HˆΩ =
∑
i6=j
2Ω2
∆
(
|gigj〉〈eiej |+H.c.+ |eiej〉〈eiej|
+|gigj〉〈gigj |
)
+
2Ω2
∆
(
|Ψ〉〈Ψ|+ |Φ〉〈Φ|
+|Υ〉〈Υ|
)
, (6)
Hˆω =
{
ω√
2
[
(|gLg0〉+ |g0gL〉)(
√
3〈Φ|+ 〈Υ|)
+(|gRg0〉+ |g0gR〉)(
√
3〈Φ| − 〈Υ|)
]
+ ω
[
(|g0gL〉+ |gRg0〉)〈gRgL|
+ (|gLg0〉+ |g0gR〉)〈gLgR|
]
+H.c.
}
. (7)
In the above expressions, we have assumed the Rabi fre-
quencies of laser fields have the same real value Ω, the
Rabi frequency of the microwave field is ω, and intro-
duced the following states
|Ψ〉 = 1√
3
(|gLgL〉 − |g0g0〉+ |gRgR〉), (8)
|Φ〉 = 1√
6
(|gLgL〉+ 2|g0g0〉+ |gRgR〉), (9)
|Υ〉 = 1√
2
(|gLgL〉 − |gRgR〉), (10)
where |Ψ〉 is the desired three-dimensional entangled
state to be prepared, and this state is capable of being
transformed into Eq. (1) for N = 3 by subsequent singlet
qubit operation or modulating the Rabi frequencies of
microwave fields such that ωL0 = −ω0R = ω. The stark-
shift term and coupling strengths in Eq. (6) are obtained
as 

〈gigj |HˆrΩ|Sei,gj 〉〈Sei,gj |HˆrΩ|gigj〉
∆
=
2Ω2
∆
〈eiej |HˆrΩ|Sei,gj 〉〈Sei,gj |HˆrΩ|eiej〉
∆
=
2Ω2
∆
〈gigj |HˆrΩ|Sei,gj 〉〈Sei,gj |HˆrΩ|eiej〉
∆
=
2Ω2
∆
, (11)
where |Sei,gj 〉 = (|eigj〉 + |giej〉)/
√
2, and HˆrΩ is the
Hamiltonian in the original interaction picture.
The corresponding Lindblad operators thus take the
forms
LˆL1 =
√
γ
3
[∑
i6=j
(|gLej〉〈eiej |+ |gLgj〉〈eigj |)
+
(
1√
3
|Ψ〉+ 1√
6
|Φ〉+ 1√
2
|Υ〉
)
〈eLgL|
]
, (12)
LˆR1 =
√
γ
3
[∑
i6=j
(|gRej〉〈eiej |+ |gRgj〉〈eigj|)
+
(
1√
3
|Ψ〉+ 1√
6
|Φ〉 − 1√
2
|Υ〉
)
〈eRgR|
]
, (13)
Lˆ01 =
√
γ
3
[∑
i6=j
(|g0ej〉〈eiej |+ |g0gj〉〈eigj|)
+
(
2√
6
|Φ〉 − 1√
3
|Ψ〉
)
〈e0g0|
]
, (14)
LˆL2 =
√
γ
3
[∑
i6=j
(|ejgL〉〈ejei|+ |gjgL〉〈gjei|)
+
(
1√
3
|Ψ〉+ 1√
6
|Φ〉+ 1√
2
|Υ〉
)
〈gLeL|
]
, (15)
LˆR2 =
√
γ
3
[∑
i6=j
(|ejgR〉〈ejei|+ |gjgR〉〈gjei|)
+
(
1√
3
|Ψ〉+ 1√
6
|Φ〉 − 1√
2
|Υ〉
)
〈gReR|
]
, (16)
Lˆ02 =
√
γ
3
[∑
i6=j
(|ejg0〉〈ejei|+ |gjg0〉〈gjei|)
+
(
2√
6
|Φ〉 − 1√
3
|Ψ〉
)
〈g0e0|
]
, (17)
where Lˆjn denotes the spontaneous decay of nth atom
from the excited states to the ground state |gj〉.
IV. MEASURE OF THREE-DIMENSIONAL
ENTANGLEMENT
A. Negativity
A steady-state solution ρˆ∞ of system should satisfy the
following equation
0 = − i
~
[Hˆ′I , ρˆ∞]+
∑
n=1,2
Lˆnρˆ∞Lˆ†n−
1
2
(Lˆ†nLˆnρˆ∞+ρˆ∞Lˆ†nLˆn).
(18)
4FIG. 2: (Color online) The negativity N (ρˆ∞) versus single-
photon detuning parameter ∆ and spontaneously decay rate
γ. Other parameters: Ω/2pi=0.02 MHz, U = 2∆, ω =
3Ω2/(4∆).
The evolution of system is totally governed by the coac-
tion of unitary dynamics of Eq. (5) and dissipative
dynamics from Eq. (12) to Eq. (17). It is easy to
see that if the atoms are initially prepared in different
ground states, they will be simultaneously pumped into
the bi-excitation state and then decay into one of the
ground state subspaces with both atoms in the same
state {|Ψ〉, |Φ〉, |Υ〉}. The microwave fields of Hamilto-
nian Hˆω then drive |Φ〉 and |Υ〉 into |gLg0〉(|g0gL〉) or
|gRg0〉(|g0gR〉) and the process of pumping and decay-
ing repeats again, while leaves the three-dimensional en-
tangled state |Ψ〉 invariant. Therefore the final popula-
tion from an arbitrary initial state will be accumulated
in the state |Ψ〉, i.e. the three-dimensional entangled
state ρˆ∞ = |Ψ〉〈Ψ| is the unique solution of Eq. (18). To
effectively measure this kind of three-dimensional entan-
glement of two particles, we need to introduce the trace
norm of the partial transposition ||ρˆT1∞ || = Tr
√
ρˆT1†∞ ρˆ
T1
∞ ,
where ρˆT1∞ denotes the partial transposition of ρˆ∞ with
respective to the subsystem of the first atom with basis
adopted in Eq. (3). The Peres-Horodecki criterion of sep-
arability shows that if ρˆT1∞ is not positive, then ρˆ∞ is not
separable. The negativity is defined as [60]
N (ρˆ∞) ≡ ||ρˆ
T1
∞ || − 1
2
, (19)
which is equal to the absolute value of the sum of nega-
tive eigenvalues of ρˆT1∞ . In the ideal case, the negativity of
a pure three-dimensional entangled state takes the value
of unity. In Fig. 2, we characterizes the dynamical evolu-
tion of negativity N (ρˆ∞) versus the single-photon detun-
ing parameter ∆ and the spontaneously decay rate γ by
numerically solving the steady-state equation (18). It is
shown that the negativity keeps high over a wide range
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FIG. 3: (Color online) The dependence of steady-state fidelity
F(ρˆ∞) = 〈Ψ|ρˆ∞|Ψ〉 on the single-photon detuning parameter
∆. Other parameters: Ω/2pi=0.02 MHz,γ=1 kHz, U = 2∆,
ω = 3Ω2/(4∆). The inset demonstrates the time evolutions
of populations for an initially mixed state corresponding to
∆/2pi=0.5 MHz.
of parameters. It approaches to unity as the increase
of ∆, and the maximum three-dimensional entanglement
is found to be 99.91% at ∆/2π = 5.0 MHz, γ = 1 kHz
within the given range of parameters. This result is in ac-
cordance with the approximation made in Eq. (5), since
a larger value of ∆ is capable of guaranteeing the quan-
tum state with two atoms in the same ground state more
stable during the pumping process.
B. Fidelity
Another simple and efficient way to assess the quality
of entangled state is the fidelity. In Fig. 3, we plot the
dependence of steady-state fidelity F(ρˆ∞) = 〈Ψ|ρˆ∞|Ψ〉
on the single-photon detuning parameter ∆, provided
other parameters are given by Ω/2π=0.02MHz,γ=1 kHz,
ω = 3Ω2/(4∆). Corresponding to the negativity, the fi-
delity exhibits asymptotic behaviour as the increase of
∆. The inset of Fig. 3 further demonstrates the time
evolutions of populations for an initially mixed state with
∆/2π=0.5 MHz, which signifies a fidelity exceeding 90%
is achievable in a short interaction time 100 ms. It is
worth noting that the proposed mechanism is much more
like the cooling mechanism in Refs. [15, 18], where the
laser sideband cooling is applied to induce a relatively
large detuning of the desired state but resonant lasers
drive all other qubit states. Therefore, our method can
also be reconsidered as a cooling process that the whole
system is finally cooled into the three-dimensional en-
tangled state at the coaction of Rydberd interaction and
spontaneous emission.
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FIG. 4: (Color online) The fourth-order Runge-Kutta nu-
merical simulation of fidelity for creation of the three-
atom singlet state |S3〉, corresponding to the parameters
Ω/2pi=0.02 MHz,γ=1 kHz, U = 0.2∆, ω = 3Ω2/(4∆), and
∆/2pi=0.5 MHz. The initial state is selected as |gLgLgL〉 and
the fidelity approaches around 80% after 300 ms.
V. GENERALIZATION TO TRIPARTITE
SINGLET STATE
The considered configuration of atoms not only is suc-
cessful in the above bipartite entanglement, but also may
be helpful for multipartite entanglement. An interesting
type of entangled state called N -particle N -level singlet
states, can be expressed as [61]
|SN 〉 = 1√
N !
∑
{nl}
ǫn1,··· ,nN |αn1 , · · · , αnN 〉, (20)
where ǫn1,··· ,nN is the generalized Levi-Civita symbol,
and the state |αni〉 denotes one base of the qudit. These
entanglement states related to violations of Bell’s in-
equalities, are the key resource for the solutions of “N -
strangers”, “secret sharing” and “liar detection” prob-
lems, which have no classical solutions. Now we exploit
the possibility to achieve the three-atoms singlet state
through the same dissipative-pumping mechanism. To
be concrete, the form of a three-atoms singlet state in
connection with the current model reads
|S3〉 = 1√
6
(|g0gLgR〉 − |gLg0gR〉 − |gRgLg0〉+ |gLgRg0〉
+|gRg0gL〉 − |g0gRgL〉). (21)
To complete this task, we may set the Rydberg interac-
tion ULL = U00 = URR = 2∆ and U0L = UL0 = U0R =
UR0 = ULR = URL = U ≪ ∆. This arrangement guar-
antees a resonant transition between two atoms when
they are in the same state, but a detuned interaction as
their states are different. Therefore the atoms will be
stabilized in the ground states that each pair of atoms
populate in different ground states. Most importantly,
the microwave fields leave |S3〉 unchanged but are cou-
pled to other states transition. Finally, the population of
three-atoms singlet state will be accumulated into a high
value. As shown in Fig. 4, the evolution of fidelity for this
three-atom singlet state versus time is plotted by numer-
ical simulation via fourth-order Runge-Kutta, where the
target state fidelity is stabilized at 79.15% after 300 ms.
This value may be low for quantum computation but are
relatively high in the sense of steady-state entanglement.
VI. SUMMARY
Nowadays, the Rydberg atom has been exploited to
many fields of quantum information due to the availabil-
ity of a strong, long-range interaction between Rydberg
atoms with principal quantum number n ≫ 1. In this
work, we have put forward an efficient way for gener-
ation of stationary three-dimensional entangled state by
combing the coherent dynamics provided by Rydberg me-
diated interaction and the dissipative dynamics induced
by spontaneous emission of Rydberg state. Both the neg-
ativity and fidelity are nearly perfect under the given pa-
rameters of Cesium atom. This dissipative mechanism
can be also generalized to creation of a three-atom sin-
glet state. We believe that our work may open a new
avenue for the entanglement preparation experimentally
in the near future.
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